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Abstract
The extended Yang-Mills gauge theory in Euclidean space is a renormalizable
(by power counting) gauge theory describing a local interacting theory of scalar,
vector, and tensor gauge fields (with maximum spin 2). In this article we study
the quantum aspects and various generalizations of this model in Euclidean
space. In particular the quantization of the pure gauge model in a common
class of covariant gauges is performed. We generalize the pure gauge sector
by including matter fermions in the adjoint representation of the gauge group
and analyze its N=1 and N=2 supersymmetric extensions. We show that the
maximum half-integer spin contained in these fermion fields in dimension 4 is
3/2. Moreover we develop an extension of this theory so as to include internal
gauge symmetries and the coupling to bosonic matter fields. The spontaneous
symmetry breaking of the extended gauge symmetry is also analyzed.
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1 Introduction
The interacting theories of higher spin fields [1] have attracted a great attention
mostly because of the relevant role played by the spin-2 field graviton which, it is well
known, should couple to any kind of particle. There is no doubt about the existence of
higher spin composite particles in nature, a classical example is given by the observed
hadronic resonances. However, up to now, no elementary particle with spin higher
than 1 has been observed (among these the graviton).
The main theoretical problems which affect the construction of a consistent inter-
acting theory of elementary higher spin fields [2] in Minkowski space can be briefly
summarized as follows: one must require the cancellation of all negative-norm states,
a cancellation which is performed by means of higher-spin gauge invariances. These
local invariances, though, impose too many restrictions (on the interacting terms)
which cannot be satisfied in many circumstances. These restrictions can be circum-
vented by relaxing some basic requirements of quantum field theory. Indeed a general
class of consistent interacting higher-spin gauge theories in dimension 4,3, and 2 exists
and describes infinitely many fields containing all the spins [3]. In the formulation
of these theories, though, in order to implement the gauge symmetries, necessary to
eliminate all the negative norm states, infinitely many auxiliary fields must be intro-
duced. This mechanism induces higher derivatives in the interaction terms and these
in turn give rise to non-locality [1]. These theories are of interest, however, since
they also establish a connection with string models, even though in the latter all the
elementary higher spin excitations beyond the graviton are massive [4].
Up to now in Minkowski space, the only consistent local interacting field theories of
massless spin higher than 1/2 are the usual abelian and non-abelian Yang-Mills (YM)
gauge theories for the spin-1 [5], the gravity for the spin-2 [6], and the supergravity
theories [7] for both the spin-2 and spin-3/2. In addition if one requires these theories
to be also renormalizable then the above list would further shorten since it does not
contain the gravitational interactions. At present string theories, where gravity is
consistently coupled to matter and gauge fields of any spin [4], are largely believed
to play a central role in the solution of all these problems.
In this paper we analyze a gauge theory of higher spin interactions in a flat Eu-
clidean space-time. In this space, in fact, we shall see that it is possible to construct
a general class of renormalizable higher spin gauge theories. This theory was first
introduced a number of years ago in [8] where an extension to the abelian gauge
theory with scalar, vector, and tensor gauge fields was proposed in Euclidean space.
This model is described (in a 4–dimensional flat space-time) by a non-abelian U(4)
gauge theory of the YM’s type where the connection field takes values in the usual
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Clifford algebra of spinors. Here the scalar, vector, and tensor fields can be identified
as the components of the gauge connection along the Clifford algebra basis. In four
dimensions the content of the maximum spin of the gauge multiplet is a spin-2 and the
full interacting lagrangian is renormalizable by power counting. This model, in the
full basis of Clifford algebra, contains three spin-2 fields: two of them are in a stan-
dard representation of the rotation group and are described by a symmetric traceless
tensor of rank two, whereas the remaining one is contained in one of the irreducible
representations of a tensor of rank-3 with two antisymmetric indices [8]-[10].
An interesting aspect of this model is that the gauge transformations mix, in a
consistent way, different irreducible representations of the space-time rotation group.
Here the gauge spin-2 fields do not have the usual coupling to the energy momen-
tum tensor while they do couple to the lowest spin particles in a consistent way. 2
Moreover the free gauge transformations of the standard spin-2 fields coincide with
the usual spin-2 gauge transformations of the Fierz-Pauli field [11].
A controversial question is the analytical continuation of this theory to the Minkowski
space. We next recall some problems related to this issue that are still open. Since
the elements of the gauge group are not invariant under the Lorentz transformations,
the question whether or not the model in [8] is forbidden by the Coleman–Mandula
no–go theorem [12] might arise. As pointed out in Ref.[10], the model in [8] circum-
vents the hypothesis of [12]. The main reason for this is that the theorem in [12]
applies only to the global symmetries of the S matrix and does not deal with the
local symmetries of the Lagrangian (see Ref.[13] for a detailed discussion on this is-
sue). Moreover, since the present theory is of the YM’s type, we should expect the
confinement phenomenon to arise. If so, then the physical spectrum will be described
by gauge invariant operators, such as for example the hadron states or glueballs in
QCD, and this symmetry will not be manifest in the S matrix of the physical states.
However we stress that, in this model, one of the main statements of the Coleman–
Mandula theorem, which is the analytical behavior of the S matrix, can be directly
checked in perturbation theory. In particular one can verify (by means of the analogy
with the gluon scatterings) that, in the pure Yang–Mills sector, the tree–level gauge–
invariant amplitudes satisfy all the analytical requirements [14].
This theory is well formulated in an Euclidean space where the gauge group is compact
and, being a YM’s type gauge theory, it should satisfy also the Osterwalder-Schrader
axioms [15]. Therefore it is possible to quantize it by means of the standard path
integral method applied to gauge theories. However, when this theory is formulated
2We will see that the standard spin-2 fields appearing in this model cannot be identified with
standard graviton field, at least in the weak coupling limit.
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directly into a Minkowski space (where the gauge group is non–compact), problems
with unitarity of the S matrix might arise because of unwanted ghost states [8],[10].
Nevertheless we stress that the appearance of an indefinite metrics in the Hilbert
space, due the non–compactness of the symmetry group, is not always an obstacle
for building a consistent theory [16]–[19]. A pioneering study in this direction was
started by Lee and Wick in Ref.[16]. Moreover in the literature various non–compact
sigma-models with indefinite metrics also appear in some extended supergravities
when the reduction to four dimension is considered [17]. The general conclusion for
these models is that a unitary S matrix in the physical subspace can be obtained
from a pseudo-unitary S-matrix in the full Hilbert space [17], [18].
In the present model the analysis of unitarity is a more complicated issue than in the
non–compact sigma–models, mainly because the symmetry is local and it is not an
internal one. A careful analysis of the unitarity of the S matrix (in Minkowski space)
is still missing for this theory and it would be worth investigating how the unphys-
ical ghost sector could decouple from the physical amplitudes. The clarification of
this problem could be helpful for understanding the relation between unitarity and
renormalizability of the spin-2 field interactions in Minkowski space. However in the
present paper we do not tackle the issue of unitarity and restrict ourselves to the
Euclidean space where the gauge group is compact and the theory is consistent.
Recently in Ref.[10] an interesting proposal to include fermions in the model in[8]
has been given. Whereas in Ref.[10] only the sub-group SO(4) is considered, in this
article we shall see that it is straightforward to extend these fermion couplings to
the larger group U(4) which was first considered in Ref.[8]. Moreover in this work we
generalize the model in [8] to its N=1 and N=2 Euclidean supersymmetric extensions.
The paper is organized as follows. In section [2] we briefly recall the model pro-
posed in Ref.[8] and analyze the free particle spectrum. In section [3] we quantize
this model in a covariant gauge and give the expression for the ghost lagrangian. In
section [4], by following the approach of Ref.[10], we generalize the model in [8] by
including fermions in the adjoint representation of the gauge group and analyze its
supersymmetric extensions. In section [5] we extend the model in [8] so as to in-
clude the standard internal gauge symmetries. The expression for the unified gauge
lagrangian, which includes the internal SU(N) gauge group, is given, together with
the corresponding infinitesimal gauge transformations, in appendix. In section [6] we
study the coupling of the extended gauge fields with bosonic matter fields and make
some remarks on possible couplings with ordinary matter and gauge fields. In section
[7], the spontaneous symmetry breaking of the extended gauge symmetry is analyzed.
Finally the last section is devoted to our conclusions.
5
2 Pure Gauge Action
In the model proposed in Ref.[8] the usual abelian gauge transformations have been
extended to non-abelian ones which mix fields of different integer spin. As a con-
sequence the elements of the gauge group transform non-trivially under coordinate
rotations. In addition the lagrangian, which is invariant under these extended gauge
transformations, describes a local interacting gauge theory of higher spin fields. This
model has the attractive feature that it is renormalizable by power counting. (Due to
the gauge invariance, we believe that the model is also fully renormalizable, however
we do not tackle this issue in the present article.) Moreover another interesting char-
acteristic is that the maximum value of the spin contents (S) of the gauge multiplet
is fixed by the space-time dimension d; in particular for d = 4 we have S = 2.
Before presenting our analysis we briefly recall the model proposed in Ref.[8]. One
first considers a spinorial-vectorial field Aˆijµ (x) in Euclidean four dimensional space,
where i and j are indices which belong to the Dirac spinorial space (i, j = 1, . . . , 4). In
particular this field is defined to transform under the Euclidean coordinate rotation3
x→ x′µ = Λ νµ xν , with ΛαµΛ να = δνµ (1)
as follows
Aˆ(x)µ → Aˆ′µ(x′) = S(Λ)Aˆν(x)S−1(Λ)Λ νµ . (2)
Note that in (2) S(Λ) is the usual spinorial representation of the rotation group O(4)
which is given by
S(Λ) = exp (− ı
4
σµνω
µν), with S(Λ)γµS
−1(Λ) = Λνµγν , (3)
where ωµν is a function
4 of Λµν , σµν = ı[γµ, γν]/2, and γµ are the usual Dirac matrices
satisfying the relation {γµ, γν} = 2δµν . In Ref.[8] it was pointed out that it is very
useful to decompose the field Aˆµ along the Clifford algebra basis; this is done in the
following manner
Aˆµ(x) = Aµ(x)1IΓ + A¯µ(x)γ5 + Tµα(x)γ
α + T¯µα(x)ıγ
αγ5 + Cµαβ(x)
σαβ√
2
, (4)
where 1IΓ is the unity matrix in the Clifford algebra. Indeed in this decomposition
the indices of the fields which label the Clifford algebra basis are vectorial indices
3 We use the convention to sum up the same indices and the Euclidean metric is given by
δµν = δ
µ
ν = diag(1, 1, 1, 1).
4In the case of infinitesimal transformations we have Λµν = δµν +ωµν+O(ω2), with ωµν = −ωνµ
The exact relationship between Λ and ω can be found, for example, in Ref. [20].
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under O(4) rotations (the reader can easily check this property by means of Eqs.(2)
and (3)). This implies that the fields A¯µ, Tµν (and analogously T µν) and Cµαβ ,
respectively, transform as a vector and tensors of rank 2 and 3.
It is worth observing that some components of Aˆµ, namely Tµα, T¯µα, and Cµαβ , can
be further decomposed in irreducible representation of O(4) as follows
Tµν =
1
4
δµνφ+ Sµν + V
A
µν + V
S
µν ,
T µν =
1
4
δµν φ¯+ Sµν + V
A
µν + V
S
µν ,
Cµαβ =
1
3
(δµαBβ − δµβBα)− 1
6
ǫµαβδB¯
δ +DSµαβ +D
A
µαβ , (5)
where ǫµναβ is the complete antisymmetric tensor. We now give some clarifications
about the fields appearing in Eq.(5): φ and φ¯ are scalars, Bβ and B¯β are vectors
while Sµν is a symmetric traceless tensor of rank-2. The fields V Sµν and V
A
µν (and
analogously V
S,A
µν ) are antisymmetric tensors in the (1,0) and (0,1) representations,
respectively. (Note that with the notation (x,y) we refer to the usual SU(2)×SU(2)
complex spinorial representation of the rotation group O(4) [21].) The tensor fields
DSµαβ and D
A
µαβ belong to the (3/2, 1) and (1, 3/2) representations respectively; they
are antisymmetric in the α, β indices and are traceless. Moreover V
(S,A)
αβ and D
(S,A)
µαβ
satisfy the following self-duality conditions [10]
V (S,A)µν = ±
1
2
ǫ αβµν V
(S,A)
αβ ,
D
(S,A)
µαβ = ±
1
2
ǫ γδαβ D
(S,A)
µγδ , (6)
where the signs (+) and (−) refer to (S) and (A) respectively.5
We now see that, by using the self-duality conditions (6), the D
(S,A)
µαβ and V
(S,A)
αβ tensor
fields have 8 and 3 degrees of freedom, respectively. Note that, if the fields are
massive[22], a spin-2 field is contained in each of the tensors Sµν , S¯µν and D
(S,A)
µαβ . On
the contrary, if the spin-2 fields are massless, according to the Weinberg theorem[22]
only the left-handed and right-handed polarizations are consistently described by the
5We recall that in Minkowski space it is not possible to impose self-dual (or antiself-dual) condi-
tions on real fields. The self- (or antiself) duality conditions can be imposed only on complex fields.
Therefore in Minkowski space each combination V Sµν + V
A
µν (and analogously the V
(S,A)
µν fields) and
DSµαβ +D
A
µαβ , which appear in Eq.(5), are replaced by only one irreducible field representation.
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DSµαβ andD
A
µαβ fields, respectively. Therefore, if parity is conserved, one may conclude
that a massless spin-2 can be described by the reducible field Dµαβ = D
S
µαβ +D
A
µαβ .
Returning to the model in [8], the succeeding step is to promote the field Aˆµ to a
gauge connection by requiring that Aˆµ transforms under a local gauge transformation
U(x) as follows
AˆGµ (x) = U(x)Aˆµ(x)U
−1(x) +
1
ıg
U(x)∂µU
−1(x), (7)
where U(x), which belongs to U(4), acts on the spinorial indices of Aˆµ. In [8] it is
required that the new gauge field AˆGµ should transform, under coordinate rotations,
as Aˆµ in Eq.(2). Because of this requirement the transformation (under coordinate
rotations) properties of U(x)
U ′(x′) = S(Λ)U(x)S−1(Λ) (8)
also follow.
Now by means of the exponential representation one can express U(x) as follows
U(x) = exp {ıǫˆ(x)}, (9)
where
ǫˆ(x) = ǫ(x)1IΓ + ǫ¯(x)γ5 + ǫµ(x)γ
µ + ǫ¯µ(x)ıγ
µγ5 + ǫµν(x)
σµν√
2
. (10)
Note that the indices which label the basis in Eq.(10), due to the transformation
in (8) and Eq.(3), transform as vectorial indices under coordinate rotations. Finally
the compact expression of the lagrangian LE , which is invariant under the gauge
transformations (7), is given by
LE(x) =
1
16
Tr[FˆµνFˆ
µν ],
Fˆµν(x) = ∂µAˆν − ∂νAˆµ + ıg[Aˆµ, Aˆν ], (11)
where in the above expression the commutator and the trace are taken on the Clifford
algebra. By using the component fields given in (4), the lagrangian in (11) takes the
following form
LE = L0 + gL1 + g
2L2, (12)
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where
L0 =
1
2
{
(∂αTβγ∂
αT βγ − ∂αTβγ∂βT αγ) + (∂αT¯βγ∂αT¯ βγ − ∂αT¯βγ∂βT¯ αγ)
+ (∂αA¯β∂
αA¯β − ∂αA¯β∂βA¯α) + (∂αAβ∂αAβ − ∂αAβ∂βAα)
+ (∂αCβγδ∂
αCβγδ − ∂αCβγδ∂βCαγδ)
}
, (13)
L1 = 2
{√
2[TαβC
γβδ(∂γT
α
δ − ∂αTγδ) + T¯αβCγβδ(∂γ T¯ αδ − ∂αT¯γδ)
+ A¯µ[T αβ(∂αT¯µβ − ∂µT¯αβ) + T¯ αβ(∂µTαβ − ∂αTµβ)]
+ [
√
2CαβγC
δγµ − 1√
2
(TαβT
δµ + T¯αβT¯
δµ)][∂δC
αβ
µ − ∂αC βδ µ]
+ TαβT¯
γβ(∂γA¯
α − ∂αA¯γ)
}
, (14)
and
L2 = 4[CαβγC
αβδCµγνCµδν − C βα γCαδµCνβδCνγ µ]
+ TαβT
αβTγδT
γδ − TαβT αγTδγT δβ + T¯αβT¯ αβT¯γδT¯ γδ − T¯αβT¯ αγ T¯δγ T¯ δβ
+ 4[T αβTαγC
δγµCδβµ + T
αβTγδC
γδµCαβµ − 2TαβTγδCαδµCγβµ]
+ 4[T¯ αβT¯αγC
δγµCδβµ + T¯
αβT¯γδC
γδµCαβµ − 2T¯αβT¯γδCαδµCγβµ]
+ 2[TαβT
αγ T¯ δβT¯δγ + TαβT¯
αβTγδT¯
γδ − 2TαβTγδT¯ αδT¯ γβ ]
+ 2[TαβT
αβA¯µA¯
µ − TβαT δαA¯βA¯δ + T¯αβT¯ αβA¯µA¯µ − T¯βαT¯ δαA¯βA¯δ]
+ 4
√
2[2TαβT¯
αγCµβγA¯µ − TαβT¯µγA¯µCαβγ − TµαA¯µT¯βγCβαγ ]. (15)
The lagrangian in (11) is invariant under the following local infinitesimal transforma-
tions
δAµ = −1
g
∂µǫ,
δA¯µ = −1
g
∂µǫ¯+ 2(ǫ¯
νTµν − ǫν T¯µν),
δTµν = −1
g
∂µǫν + 2(ǫ¯T¯µν +
√
2ǫαCµνα − ǫ¯νA¯µ +
√
2Tµαǫ
α
ν),
δT¯µν = −1
g
∂µǫ¯ν + 2(−ǫ¯Tµν +
√
2ǫ¯αCµνα + ǫνA¯µ +
√
2T¯µαǫ
α
ν),
δCµαν = −1
g
∂µǫαν +
√
2(ǫαTµν − ǫνTµα) +
√
2(ǫ¯αT¯µν − ǫ¯νT¯µα) +
2
√
2(ǫβνCµαβ − ǫβαCµνβ). (16)
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Clearly the Aµ is a free field since it corresponds to the U(1) gauge connection of
U(4) and the interacting theory is described by the SU(4) gauge group. Note that
the smallest sub-algebra of SU(4) is given by the σµν generators which belong to the
algebra of SO(4). The smallest gauge lagrangian, which is invariant under the SO(4)
gauge transformations, is given by the terms in (13-15) containing only the Cµαβ field.
The latter was considered in Ref.[10].
One interesting aspect of this model is that the lagrangian (12) can be written
in terms of the O(4) irreducible representations by inserting the fields decomposition
(5) in the expressions (13)-(15) (see [8]). Then the corresponding infinitesimal gauge
transformations for the irreducible fields are obtained by means of the standard de-
composition method, as previously shown in Eq.(16). For example, the corresponding
infinitesimal gauge transformations for δφ, δSµν , δV
(S,A)
µν are given by
δφ = δT µµ , δSµν =
1
2
(δTµν + δTνµ)− 1
4
δµνδT
α
α ,
δV (S,A)µν =
1
4
(
δTµν − δTνµ ± 1
2
δT αβǫαβµν
)
, (17)
with the obvious generalization for the other fields. The expression for the lagrangian
containing only the Cµαβ field, in terms of the irreducible representation, can be found
in Ref.[10].
We here analyze the physical degrees of freedom and the free particle spectrum
of the model introduced in [8]. In order to do so we restrict our analysis by only
considering the free lagrangian L0 which is invariant under the abelian sector
6 of the
gauge transformations. We first consider7 the free lagrangian L0(T ) in Eq.(13) which
contains only the tensor field Tµν . From Eq.(16) we see that it is possible to make a
gauge transformation which ensures
∂µSµν = 0 and φ = 0. (18)
This result is justified in the following manner. The free gauge transformations for
the field S˜µν = Sµν + 1/4δµνφ are given by δS˜µν = ∂µǫν + ∂µǫν . Then, by means
of these gauge transformations, the first constraint in (18) can be imposed. This
constraint, when the on-shell massless equations for Sµν and φ are used, is invariant
under a new gauge transformation. This new gauge degree of freedom allows us to
6By abelian sector of the gauge transformations we mean the non-homogeneous terms in Eq.(16)
containing only the derivatives.
7 In this analysis we do not consider the free particle spectrum described by the fields Aµ and
A¯µ since it is clear from (13) that they describe two massless spin-1 fields.
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eliminate the component of the on-shell massless scalar field φ. (Note that the gauge
transformations for the field S˜µν and the gauge fixing in (18) are the same ones en-
countered in the spin-2 field of the Fierz-Pauli lagrangian.) By adopting the gauge
fixing (18) all the gauge degrees of freedom are used and no new constraint on Tµν
can be imposed. In particular no constraint may be introduced for the antisymmetric
tensor field TAµν = V
S
µν + V
A
µν .
Now if the fields V (S,A)µν , in the (1,0) and (0,1) representation fields, were massive then
they would describe two spin-1 fields. However since they are massless fields, accord-
ing to the Weinberg theorem [22], only one massless spin-1 field can be associated
to the (1, 0)⊕ (0, 1) representation, where the right- and left-handed polarization are
contained in the (1,0) and (0,1) representation, respectively. Here the two residual
degrees of freedom are contained in the longitudinal components. These degrees are
associated to the transverse polarizations of the vectorial field Lµ ≡ ∂νT µν . Indeed
these polarizations cannot be gauged out in this model. The only components of the
reducible tensor Tµν which can be gauged out correspond to the vector ∂µT
µν .
As a consequence the physical polarizations of the field Tµν , in the momentum
space k, are the “transverse” ones ǫT (S)µα (k) and ǫ
T (A)
µα (k) (where (S) and (A) refer to
the symmetric and antisymmetric tensor in µ and α, respectively) and “longitudinal”
ones ǫLµα(k) which satisfy the following conditions
kµǫT (A)µα (k) = 0, k
µǫT (S)µα (k) = 0, k
µǫLµα(k) = 0, (19)
note that in the above relations ǫLµα has not a definite symmetry in µ, α and k
αǫLµα(k) 6=
0. From Eq.(19) we have ǫT (S)µα (k) and ǫ
T (A)
µα (k) each contain only two independent
polarizations. On the contrary in ǫLµα there are four independent polarizations, each
of which correspond to one massless spin-1 and two massless spin-0. As a result the
on-shell Tµν field describes the following spectrum: one massless spin-2, two massless
spin-1, and two massless spin-0. Therefore in total we count 3 × 2 + 2 × 1 = 8
degrees of freedom for the on-shell Tµν field; this result is in agreement with the naive
counting based on the gauge degrees of freedom.
We next analyze the particle spectrum described by the free lagrangian L0(C) in
Eq.(13) which contains only the field Cµαβ . We can use the gauge degrees of freedom
Cµαβ → Cµαβ + ∂µǫαβ (20)
in order to set the following transversality constraints on the fields D
(S,A)
µαβ
∂µD
(S,A)
µαβ = 0. (21)
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The results in Ref.[22] enable us to see that in the massless case the D
(S)
µαβ which sat-
isfies Eq.(21) describes two degrees of freedom. These degrees of freedom correspond
to a right-handed spin-2 and a right-handed spin-1 field. Analogously we can see that
the D
(A)
µαβ describes the corresponding left-handed ones. Therefore, since in this model
parity is conserved, the physical polarizations of the reducible field D
(S)
µαβ +D
(A)
µαβ will
describe a massless spin-2 and spin-1 field.
As a result of the gauge-fixing in (21) there are no gauge degrees of freedom
available which would enable us to eliminate other components in the vector fields Bµ
and B¯µ. Thus the field Bµ contains 4 independent polarizations. The two transverse
one (respect to the three-momentum) correspond to a massless spin-one polarizations
whereas the longitudinal ones are associated with massless spin-0 fields. The spectrum
for B¯µ is obtained analogously. As a result the on-shell Cµαβ field describes the
following massless spectrum: one spin-2, three spin-1, and four spin-0 fields; so in
total we count respectively 4 × 2 + 4 × 1 = 12 degrees of freedom, in agreement
with the naive counting based on the gauge degrees of freedom.
It is clear that the on-shell particle contents of this model is gauge invariant and
one can reach the same conclusions on the spectrum by using different choices for
the gauge fixing. Finally we note that the spin-0 particles (or longitudinal photons)
which appear in the spectrum are strictly connected to the fact that some longitudinal
components of the tensor or vector fields can not be gauged out.
3 Covariant Quantization
When the model in [8] is quantized in the Euclidean space the negative norm states
are absent since the space-time metric is the δµν and the gauge group is compact.
Moreover, due to the compactness of the gauge group, the theory can be quantized
by means of the standard path integral method. Clearly the fact that the theory is well
defined in Euclidean space it is not enough to guarantee its analytical continuation to
the Minkowski one. Even if the Osterwalder-Schrader (OS) axioms are satisfied, and
in particular the property of reflection positivity [15] is verified, one cannot use here
the reconstruction theorems 8 of Ref.[15]. Indeed, in the proof of these theorems, the
gauge group is not changed by the analytical continuation to the Minkowski space.
On the contrary in the model in [8], in order to maintain the Lorentz covariance,
we must rotate the gauge group U(4) to the non-compact one U(2, 2) when the
8 These theorems guarantee that the Wightman functions (which satisfy the Wightman axioms)
can be completely reconstructed from the analytical continuation of the corresponding Schwinger
functions, provided that these last one satisfy the axioms in [15].
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analytical continuation to Minkowski space is performed. However, as we discussed
in the introduction, the presence of extra negative–norm states (induced by the non–
compact groups) is not always an obstacle for building a consistent theory [16]–[19].
In particular, for this model, it should be interesting to see if a Lorentz invariant
Hilbert subspace, where the theory is unitary and the unphysical states decouple
from the physical amplitudes, exists. However in present paper we do not tackle the
issue of unitarity in Minkowski space.
Now we analyze the covariant quantization of this model in the most common
class of covariant gauges. In Euclidean space the path integral representation of the
generating functional of the Green functions W [J ] can be formally written as
W [J ] =
∫
DAˆµDηˆ
†Dηˆ exp
{
−
∫
d4x
(
LE + LGF + ıLGH − Tr(JˆµAˆµ)
)}
, (22)
where LE is the full lagrangian given in Eq.(12) and LGF and LGH correspond to
the gauge-fixing and the ghost lagrangian, respectively. In the last term the trace is
taken on the Clifford algebra and Jˆµ, which can be decomposed as Aˆµ in Eq.(4), is
the source for the gauge field Aˆµ.
In the present study we consider the general class of covariant gauges whose gauge–
fixing lagrangian is given by
LGF =
1
8ξ
Tr
[
(∂µAˆ
µ)2
]
(23)
We restrict our analysis by considering only the interacting theory given by the SU(4)
gauge group. In this gauge the free propagators PAB (in momentum space kµ) for the
fields A¯µ, Tµν , T µν and Cµαβ are given by
P(A¯µA¯ν) =
1
k2
(
δµν − (1− ξ)kµkν
k2
)
,
P(TµαTνβ) =
1
k2
δαβ
(
δµν − (1− ξ)kµkν
k2
)
,
P(TµαT νβ) = P(TµαTνβ),
P(CµαγCνβδ) =
1
k2
(δαγδβδ − δβγδαδ)
2
(
δµν − (1− ξ)kµkν
k2
)
. (24)
The propagators in the basis of the O(4) irreducible representations can be easily
obtained from Eqs.(24) by means of the standard decomposition methods. Note
that the propagators in Eqs.(24) are diagonal in the basis of the O(4) irreducible
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representations only in the t’Hooft-Feynman gauge ξ = 1. However for practical
calculations, such as the scattering amplitudes, it is more convenient to work with
the propagators in the basis of the reducible fields Tµν , T µν and Cµαβ instead of the
irreducible ones.
For completeness we give the expression of the following ghost lagrangian associ-
ated with the gauge fixing in (23)
LGH = L0 + gLI , (25)
where
L0 = ∂
αη¯⋆∂αη¯ + ∂
αη⋆ν∂αη
ν + ∂αη¯⋆ν∂αη¯
ν + ∂αη⋆µν∂αη
µν ,
LI = 2
[
η¯⋆Tµν∂
µη¯ν − η¯⋆T µν∂µην −
√
2 (η⋆νTµα∂
µηνα − η⋆νCµνα∂µηα)
+ η⋆νT µν∂
µη¯ − η⋆νA¯µ∂µη¯ν −
√
2
(
η¯⋆νT µα∂
µηνα − η¯⋆νCµνα∂µη¯α
)
− η¯⋆νT µν∂µη¯ + η¯⋆νA¯µ∂µην +
√
2
(
η⋆ανT
µν∂µη
α + η⋆ανT
µν
∂µη¯
α
+ 2 η⋆ανC
µαβ∂µη
βν
)]
. (26)
The ghost multiplet, which appears in Eqs.(26), is composed by the following fields: a
complex scalar η¯, two complex vectors ηµ, η¯µ, and a complex antisymmetric tensor ηαβ ,
all of which are Grassman variables. Note that vectorial ghost fields always appear
when gauge spin-2 fields are present, a classical example is the quantum gravity.
It is worth noting that, although the physical spectrum should be described in
terms of fields which belong to the O(4) irreducible representations, the renormal-
ization properties of the lagrangian (12) can be directly analyzed by means of the
O(4) reducible field basis (A¯, T, T , C) defined in (4). Indeed in this basis and in the
covariant gauge (23), the renormalizability of the lagrangian (12) is apparent. In
particular, in terms of the O(4) reducible fields, this lagrangian is equivalent to a
standard YM’s one with a particular gauge group. Therefore the standard results on
the renormalizability of the YM theories should also hold for this model.
Now we briefly discuss the gauge-invariant regularization. Due to the presence of
the γ5 matrix (which does not exist in odd dimensions) in the gauge Clifford algebra
basis, it is clear that the usual dimensional-regularization is not particularly suitable
for this model. In order to solve this problem, in Ref.[10] it is suggested to adopt
the operator regularization scheme [23]. Here we want to point out that there exists
another possible SU(4) gauge invariant regularization scheme, which is also non–
perturbative, for this theory: this is provided by means of the corresponding Wilson
action on the lattice [24]. Indeed on the lattice the Clifford algebra basis is taken
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in 4 dimensions and the above mentioned problem of γ5 does not exist. Moreover,
even though the fermions matter fields are coupled to the gauge connection, the lattice
regularization does not spoil the SU(4) gauge symmetry. Indeed, as we will show later
on, the generator corresponding to the gauge transformation containing the γ5 matrix
is not connected to the “standard” chiral transformations and so the Wilson term,
which is necessary to solve the doubling problem, does respect the gauge symmetry.
Clearly, when fermions are added to the theory, the Wilson term breaks the (global)
“standard” chiral symmetry.
4 Supersymmetric Extension
In this section we consider the couplings of the gauge field Aˆµ to fermion matter
fields which are in the adjoint representation of the gauge group. In Ref. [10] these
couplings have been proposed, and the smallest gauge sub-group SO(4) studied. We
generalize this approach by considering the larger group SU(4). Moreover we derive
the N=1 and N=2 supersymmetric extensions of the pure gauge action (12).
In order to introduce these fermion couplings we follow the method developed in
Ref.[10]. We define in Euclidean space the following fermion multiplet Ψˆijk where the
up indices i, j and the down index k are the usual Dirac indices. Before giving the
coordinate transformation rules of Ψˆijk some definitions are in order. In addition to
the spinorial representation of the O(4) rotation group, namely S(Λ), we introduce
another independent spinorial representation of this group that we will call S¯(Λ).
The matrix S¯(Λ), in terms of a new Clifford algebra basis
Γ¯i = 1IΓ¯, γ¯5, γ¯µ, γ¯5, ıγ¯µγ¯5, σ¯µν , (27)
(where 1IΓ¯ is the unity matrix) is assumed to commute with S(Λ) and to have the
same representation as S(Λ) (see Eq.(3) ). Note that each element of the Γ¯i basis is
assumed to commute with any other element of the Clifford Γi basis.
Now we can define the following coordinate transformation properties of Ψˆijk in
Euclidean space, these are
x→ x′µ = Λ νµ xν ,
Ψˆijk (x)→ Ψˆ′ ijk (x′) =
(
S¯(Λ)
)
km
{
(S(Λ))ia Ψˆabm(x)
(
S−1(Λ)
)bj}
(28)
or in a more compact notation
Ψˆ(x)→ Ψˆ′(x′) = S¯(Λ)
{
S(Λ)Ψˆ(x)S−1(Λ)
}
(29)
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and analogously for the adjoint field
¯ˆ
Ψ
¯ˆ
Ψ(x)→ ¯ˆΨ′(x′) =
{
S(Λ)
¯ˆ
Ψ(x)S−1(Λ)
}
S¯−1(Λ), (30)
where the multiplication of S(Λ) and S¯(Λ) matrices acts on the up and down Dirac
indices, respectively. Note that the S(Λ) matrix in Eq.(29) is the same matrix ap-
pearing in the coordinate transformation rule of the gauge potential in Eq.(2). We
now decompose the field Ψˆ on the same basis Γi of the Aˆµ field as follows
Ψˆjki = λi(γ5)
jk + λµi (γµ)
jk + λµ5i ı(γ5γµ)
jk + λµνi
(σµν)
jk
√
2
. (31)
In the sequel the notation for the spinorial down index “i” in the component fields,
appearing in (31), will be suppressed. As a consequence of the coordinate transfor-
mations (29), the component fields λ, λµ (or analogously λ5µ), and λµν transform in
the following manner
λ→ λ′ = S¯(Λ)λ,
λµ → λ′µ = Λ αµ S¯(Λ)λα,
λµν → λ′µν =
1
2
(
Λ αµ Λ
β
ν − Λ βµ Λ αν
)
S¯(Λ)λαβ. (32)
There λ (respectively λµ and λµν) transform as a spin-1/2 a (respectively spin-3/2)
field.
It is interesting to observe that the fermion fields λµi and λ
µν
i can be decomposed
into irreducible representations of the O(4) coordinate transformations as follows 9
λµi =
1√
2
γ¯µijψj + ψ
µ
i ,
λµ5i =
1√
2
γ¯µijψ5j + ψ
µ
5i,
λµνi =
ı
2
σ¯µνij ξj +
1
4
(
γ¯µijξ
ν
j − γ¯νijξµj
)
+ ψµνi , (33)
where (in compact notation)
γ¯µψ
µ = γ¯µψ
µ
5 = γ¯µξ
µ = 0, γ¯µψ
µν = 0,
ψµν = −ψνµ. (34)
9 The spinorial indices “i,j” appearing in (33) have been temporary reintroduced to avoid confu-
sions with the notation, and the same indices are intended to be summed up.
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The fields ψ, ψ5, ξ , ( resp. ψ
µ, ψµ5 , ξ
µ, ψµν) describe spin-1/2 (respectively spin-3/2)
fields. By means of Eq.(32) it is straightforward to prove that the decompositions
(33) are O(4) irreducible.
In order to couple the field Ψˆ to the gauge connection Aˆµ we need to require that,
under the gauge transformations U(x), the field Ψˆ, and its adjoint
¯ˆ
Ψ, transform as
follows
Ψˆijk (x)→ ΨˆGijk (x) = (U(x))ia Ψˆabk (x)
(
U−1(x)
)bj
¯ˆ
Ψ
ij
k (x)→ ¯ˆΨ
Gij
k (x) = (U(x))
ia ¯ˆΨ
ab
k (x)
(
U−1(x)
)bj
(35)
where, as usual, the sum over repeated indices is understood. As a result the covariant
derivative Dˆµ acting on Ψˆ is given by
DˆµΨˆ = ∂µΨˆ− ıg
[
Ψˆ, Aˆµ
]
, (36)
where the commutator is taken on the Γi Clifford algebra basis and g is the same
coupling appearing in the lagrangian (12).
We now analyze the N=1 and N=2 supersymmetric extensions of the action (12),
by first recalling the known technical solutions for constructing supersymmetric the-
ories in Euclidean space.
In the four–spinor formalism, N=1 supersymmetry (SUSY) requires the existence of
Majorana fermions. However the Majorana reality condition ψ = C ψ¯t (where C is
the charge conjugation matrix, ψ¯ is the adjoint of ψ, and the suffix t stands for trans-
pose) is inconsistent in Euclidean space [21], [25].10 This is apparently a technical,
but not fundamental difficulty to implement supersymmetry in Euclidean space.11
In the N=1 supersymmetric YM (SYM) theory in Euclidean space, by means of a
special definition for Euclidean Majorana spinors [26], [27], supersymmetry can be
restored at the price of giving up the hermiticity of the action. Then, by construction,
10 This can be simply understood by means of the SO(4) coordinate transformation properties
of the Weyl spinors λL, λR in which a four-spinor λ can be decomposed, namely λ = (λL, λR):
in Euclidean space the λL and λR transform independently under SO(4), and so they can not be
related by complex conjugation as in the relativistic theory. This is connected to the fact that, due
to the compactness of the Euclidean SO(4) rotational group, the generators of the two SU(2) groups
associated to SO(4), are completely independent, while for the Lorentz group they are connected
by charge conjugation. Therefore real four-spinor fields can not exist in Euclidean space.
11 For instance, one can always impose simplectic Majorana conditions ψ(1) = C ψ¯(2)t, ψ(2) =
−C ψ¯t(1), by means of two independent four-spinors ψ(1) and ψ(2), where ψ¯(1), ψ¯(2) are the
corresponding adjoint ones.
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the expectation values (Schwinger functions), generated by the Euclidean supersym-
metric model, are the analytical continuations of the corresponding Green functions
in Minkowski space [26]. Indeed, as observed in Ref. [26], in Euclidean space the
relevant notion is not hermiticity, but rather Osterwalder-Schrader reflection posi-
tivity [15] which guarantees the above mentioned analytical continuation. Moreover
the Euclidean N=1 SUSY transformations are not hermitean. However this is not a
problem, since the SUSY transformations are just a formal device in order to obtain
SUSY Ward identities [26].
In an other approach, proposed by Zumino [28], the hermiticity of the action
is retained at the price of giving up the explicit connection between relativistic and
Euclidean field theory. In particular in the Zumino model [28] the number of fermionic
degrees of freedom is doubled (with respect to N=1 SYM) in order to get an hermitean
action, but additional bosonic (scalar) matter fields should be added to the N=1
SYM action in order to restore the balance between fermionic and bosonic degrees of
freedom. As a consequence the Zumino model is an N=2 SYM theory and therefore
the analytical continuation with the relativistic N=1 SYM theory is lost.
We start our analysis with the N=1 SUSY extension of the lagrangian (12). Paral-
leling the technique developed in first reference of [26], the first step is to introduce, in
addition to the complex field Ψˆ in Eq.(31), a completely independent (complex) field
¯ˆ
Ξ which transforms as the adjoint of Ψˆ in Eq.(30). The expression of
¯ˆ
Ξ in components
is given by
¯ˆ
Ξ
jk
i = λ¯i(γ5)
jk + λ¯µi (γµ)
jk + λ¯µ5i ı(γ5γµ)
jk + λ¯µνi
(σµν)
jk
√
2
. (37)
The next step consists in imposing the following Majorana–like conditions on the
component fields of
¯ˆ
Ξ and Ψˆ, namely
λ ≡ Cλ¯t, λµ ≡ Cλ¯tµ, λ5µ ≡ Cλ¯t5µ, λµν ≡ Cλ¯tµν (38)
where t stands for transpose, C (the charge conjugation matrix) is defined as C†C =
1 and C−1 = −C, and the standard spinorial multiplication between C and the
fermion fields λa or λ¯a is understood. Note that the above relations (38) can be now
consistently satisfied since λ¯a 6= λ†aγ0. In other words, Eqs.(38) are just definitions
for the fields λ¯a [26]. Then, in order to implement the analytical continuation to
Minkowski space, one should require that λa are Euclidean Majorana spinors, whose
formal definition can be found in the first reference of [26].12
12 We recall that the Euclidean Majorana spinors (which are complex four-spinors) are by def-
inition those operators in Euclidean Fock space which generate the analytical continuation of the
corresponding Wightman functions of the relativistic theory [26].
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Finally the O(4)–gauge–invariant lagrangian LF for the fermion sector is given by
LF =
1
8
{
Tr
( ¯ˆ
Ξγ¯µ∂
µΨˆ
)
− ıgT r
( ¯ˆ
Ξγ¯µ
[
Ψˆ, Aˆµ
])}
, (39)
where, in component notations, we have13
LF = L
0
F + gL
I
F ,
L0F =
1
2
{
λ¯γµ∂µλ+ λ¯αγ
µ∂µλ
α + λ¯5αγ
µ∂µλ
α
5 + λ¯αβγ
µ∂µλ
αβ
}
,
LIF = 2A¯
µ
(
λ¯αγµλ
α
5
)
− 2 T µα
[(
λ¯γµλ5α
)
+
√
2
(
λ¯δγµλ
δ
α
)]
+2 T
µα
[(
λ¯γµλα
)
−
√
2
(
λ¯5δγµλ
δ
α
)]
−
√
2 Cµαβ
[(
λ¯αγµλβ
)
+
(
λ¯5αγµλ5β
)
+ 2
(
λ¯αδγµλ
δ
β
)]
, (40)
In deriving Eq.(40), the following Majorana relations for anticommuting fields λa have
been used
λ¯aγµλb = −λ¯bγµλa, λ¯aγµγ5λb = λ¯bγµγ5λa, λ¯aλb = λ¯bλa (41)
where in Eqs.(40) and (41), the definitions (38) (or equivalently λ¯a ≡ λtaC) are un-
derstood. Then, due to the fact that the lagrangian in Eq.(40) does not depend on
the adjoint fields λ†a (or analogously λ¯
†
a), the hermiticity is lost [26].
For completeness, we report the infinitesimal gauge transformations for the com-
ponent fermion fields
δGλ = 2 (λ
αǫ¯α − λα5 ǫα) ,
δGλα = 2
(
−λǫ¯α +
√
2 λβǫβα + λ5αǫ¯−
√
2 λβαǫ
β
)
,
δGλ5α = 2
(
λǫα +
√
2 λβ5ǫβα − λαǫ¯−
√
2 λβαǫ¯
β
)
,
δGλαβ = −
√
2
(
λαǫβ + λ5αǫ¯β + 2λµαǫ
µ
β
)
− (α↔ β) . (42)
These transformations, together with the corresponding ones for the gauge fields (16),
leave invariant the lagrangian LF .
We now give the results for the Euclidean lagrangian LSUSYN=1 which is invariant
(up to a total derivative) under the N=1 (off-shell) SUSY transformations
LSUSYN=1 = LE + LF −
1
2
(
D
2
+DµD
µ +DµD
µ
+DµνD
µν
)
(43)
13 Note that in Eq.(40) we have eliminated from the notation the “bar” over the γ¯µ matrices since
in the following we work only with the component fields along the Γi basis.
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Note that in (43) the LE and LF are the ones given in Eq.(12) and Eq.(39), re-
spectively, and the auxiliary (bosonic) fields D, Dµ,D
µ
, and Dµν (with D, Dµ, and
analogously D
µ
, Dµν , being, respectively, a scalar, vector, and antisymmetric tensor
under O(4)) should be added to the lagrangian in order to close the off-shell SUSY
algebra. We recall that the lagrangian in Eq.(43) is not hermitean, but it satisfies the
Osterwalder–Schrader reflection positivity [26].
Finally, the (off-shell) N=1 SUSY transformations which leave invariant the la-
grangian (43) (up to a total derivative) are given by
δSAµ = ω¯γµλ, δSTµα = ω¯γµλα,
δST µα = ω¯γµλ5α, δSCµαβ = ω¯γµλαβ ,
δSλ =
(
ı
2
σµνF¯µν + γ5D
)
ω, δSλα =
(
ı
2
σµνFµνα + γ5Dα
)
ω,
δSλ5α =
(
ı
2
σµνF¯µνα + γ5Dα
)
ω, δSλαβ =
(
ı
2
σµνFµναβ + γ5Dαβ
)
ω,
δSD = ω¯γ5γ
µDµλ, δSDα = ω¯γ5γµDµλα,
δSDα = ω¯γ5γ
µDµλ5α, δSDαβ = ω¯γ5γµDµλαβ , (44)
where the complex four–spinor ω is the (gauge–singlet) SUSY infinitesimal anticom-
muting parameter, and ω¯ satisfies the identity ω¯ ≡ ωtC. In the proof of supersym-
metric invariance, the relations (41) should be used. Note that we expressed the
SUSY transformations only in terms of the λa fields, the corresponding ones for the
transpose fields λta can be simply derived. The expressions for the field-strength F
a
µν
are
F¯µν = ∂µA¯ν − 2g
(
TµαT
α
ν
)
− (µ↔ ν),
Fµνα = ∂µTνα − 2g
(√
2 T βµ Cνβα − A¯µT να
)
− (µ↔ ν),
F¯µνα = ∂µT να − 2g
(√
2 T
β
µ Cνβα + A¯µTνα
)
− (µ↔ ν),
Fµναβ = ∂µCναβ +
√
2g
(
TµαTνβ + T µαT νβ − 2CµβδC δνα
)
− (µ↔ ν). (45)
The covariant derivatives are defined as Dµλa = ∂µλa+g∆µλa, where the expressions
for ∆µλ
a are
∆µλ = 2
(
λαT µα − λα5Tµα
)
,
∆µλα = 2
(
−λT µα +
√
2 λβCµβα + λ5αA¯µ −
√
2 λβαT
β
µ
)
,
∆µλ5α = 2
(
λT µα +
√
2 λβ5Cµβα − λαA¯µ −
√
2 λβαT
β
µ
)
,
∆µλαβ = −
√
2
(
λαTµβ + λ5αT µβ + 2λ
δ
αCµδβ
)
− (α↔ β) . (46)
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The lagrangian (40) is not written in terms of the O(4) irreducible components,
but this can be easily obtained by taking into account the decompositions (5), (33),
and the relations (41). We observe that non–trivial couplings between the irreducible
representation of the gauge and fermion fields can arise in the interacting lagrangian
LIF . After some straightforward algebraic manipulations, in terms of the fermion
irreducible representations (33), the free Lagrangian L0F is, up to total derivatives,
L0F =
1
2
λ¯γµ∂µλ+
1
2
ψ¯αγ
µ∂µψ
α +
1
2
ψ¯γµ∂µψ −
√
2ψ¯∂µψµ +
1
2
ψ¯5αγ
µ∂µψ
α
5
+
1
2
ψ¯5γ
µ∂µψ5 −
√
2ψ¯5γ5∂
µψ5µ +
1
2
ψ¯µνγ
α∂αψ
µν − 2ξ¯ν (∂νξ + ∂µψµν) , (47)
where, in deriving the expression (47), the relations (41) were used, and the following
definitions hold
λ ≡ Cλ¯t, ψµ ≡ Cψ¯tµ, ψ5µ ≡ Cψ¯t5µ, ψµν ≡ Cψ¯tµν , ξµ ≡ Cξ¯tµ . (48)
The corresponding gauge or SUSY transformations for the O(4) irreducible represen-
tations (see the r.h.s. of Eq.(33) 14) can now be simply obtained by projecting the
reducible transformations δλµ, δλµν , . . . etc., defined in Eqs.(42) or (44), into the
following ones
δψ =
1
2
√
2
γµ (δλ
µ) , δψ5 =
1
2
√
2
γµ
(
δλ5µ
)
,
δψµ = δλµ − 1√
2
γµ (δψ) , δψ
µ
5 = δλ
µ
5 −
1√
2
γµ (δψ5) ,
δξ = − ı
6
σµν (δλ
µν) , δξµ = γµ
[
δλµν − ı
2
σµν (δξ)
]
,
δψµν = δλµν − ı
2
σµν (δξ)− 1
4
[γµ (δξν)− γν (δξµ)] . (49)
We now analyze the N=2 SUSY extension of the model in [8] by requiring, as in the
Zumino model [28], the hermiticity of the action in Euclidean space. In order to obtain
an hermitean action, one has to introduce a complex fermionic field Ψˆ and its adjoint
one, namely
¯ˆ
Ψ. The Ψˆ and
¯ˆ
Ψ have, respectively, the O(4) coordinate transformation
properties as defined in (29) and (30). For our convenience we formally decompose Ψˆ
and
¯ˆ
Ψ as in Eq.(37) and Eq.(31), respectively. The main difference with the previous
14 We recall that in order to make a comparison (by using the notation of (49)) between Eqs. (33)
and (49), the “bar” over the γ¯µ matrices in (33) should be eliminated.
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N=1 extension is that, in order to obtain an hermitean action, the component fields of
¯ˆ
Ψ (namely λ¯a in (37)), are the corresponding adjoint ones of the λa fields. Obviously
the definitions (38) and the relations (41), unlike the N=1 case, do not apply in this
case.
The fermionic degrees of freedom are doubled with respect to the N = 1 theory
in Eq.(43), and so new bosonic (real) matter fields Hˆ and Wˆ should be introduced
in order to close the N=2 SUSY algebra [28]. In components we have
Hˆ = H¯γ5 +Hµγ
µ + H¯µγ
µγ5 +Hµν
σµν√
2
Wˆ = W¯γ5 +Wµγ
µ + W¯µγ
µγ5 +Wµν
σµν√
2
(50)
where Hˆ† = Hˆ and Wˆ † = Wˆ . Under the O(4) coordinate transformations and ex-
tended gauge transformations, the field Hˆ (and analogously for Wˆ ) should transform
as follows
Hˆ(x)→ Hˆ ′(x′) = S(Λ)Hˆ(x)S−1(Λ) , Hˆ(x)→ HˆG(x) = U(x)Hˆ(x)U−1(x) (51)
Unlike the Zumino model where the gauge symmetry is internal, the components
H¯ , Hµ (and analogously for H¯µ), and Hµν transform, according to Eq.(51), as a
scalar, vector, and antisymmetric tensor of rank 2 under O(4) coordinate rotations.
Analogous considerations hold for the Wˆ field.
Finally, the expression (in compact notation) for the N=2 SYM lagrangian, which
is invariant (up to a total derivative) under on-shell SUSY transformations and SU(4)
extended gauge transformations, is given by [28]
LSUSYN=2 = LE +
ı
8
Tr
[ ¯ˆ
Ψγ¯µ(Dˆ
µΨˆ)− (Dˆµ ¯ˆΨ)γ¯µΨˆ
]
+
1
8
Tr
[(
DˆµHˆ
µ
)2]− 1
8
Tr
[(
DˆµWˆ
µ
)2]
− ıg
4
Tr
{ ¯ˆ
Ψ
[(
Wˆ − γ¯5Hˆ
)
, Ψˆ
]}
+
g2
8
Tr
{[
Wˆ , Hˆ
]2}
(52)
where the covariant derivative Dµ is defined in Eq.(36), the commutator [ , ] and
the trace Tr are taken in the Clifford algebra basis Γi. We recall that the γ¯µ and
γ¯5 matrices appearing in Eq.(52), belong to the other Clifford basis Γ¯i defined in
Eq.(27). It is easy to prove that the lagrangian (52) is hermitean and invariant under
the following on–shell N=2 SUSY transformations [28]
δWˆ = ıα¯Ψˆ− ı ¯ˆΨα , δHˆ = ıα¯γ¯5Ψˆ− ı ¯ˆΨγ¯5α , δAˆµ = ıα¯γ¯µΨˆ− ı ¯ˆΨγ¯µα
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δΨˆ =
ı
2
Fˆµν σ¯
µνα +
(
DµWˆ + γ¯5DµHˆ
)
γ¯µα− ı
[
Wˆ , Hˆ
]
γ¯5α
δ
¯ˆ
Ψ =
ı
2
α¯Fˆµν σ¯
µν + α¯γ¯µ
(
DµWˆ + γ¯5DµHˆ
)
− ıα¯γ¯5
[
Wˆ , Hˆ
]
(53)
where complex four-spinor α is the (gauge–singlet) infinitesimal parameter of the
N=2 SUSY transformations, and α¯ is its adjoint one. Note that, unlike the N=1
case, the presence of both SUSY parameters α and α¯, ensures that the N=2 SUSY
transformations are hermitean. Clearly, the number of fermionic degrees of freedoms
has doubled with respect to the N=1 case.
We do not give the corresponding results of Eqs.(52) and (53) in terms of the O(4)
irreducible components, since their expressions are quite complicate. However these
can be easily obtained by applying the standard decomposition methods (into O(4)
irreducible representations) explained in section [2] and in the present one.
We stress that the N = 2 SYM theory in Eq.(52) is particularly interesting,
since it naturally contains matter scalar fields (H¯ and W¯ ) which could generate the
spontaneous symmetry breaking of the extended gauge symmetry. We will return on
this point in section [7], where the spontaneous symmetry breaking will be analyzed.
Moreover, it would be interesting to study, in Minkowski space, the non–perturbative
solutions of the N=2 SYM model in Eq.(52), by generalizing the corresponding ones
of Seiberg–Witten theory [29].
Before concluding the present section we underline the characterizing properties
of the above introduced supersymmetric extensions. The extended gauge symmetry
mixes fields of different spin but with the same statistics. On the contrary a SUSY
transformation mixes fields of different statistic. Moreover, due to the fact that the
maximum spin of the gauge-charges is spin-1 and the SUSY charges have spin-1/2,
the transformations which leave invariant the total action, can mix fields of spin-S
with fields of spin-(S ± ∆S), where ∆S = 1 and ∆S = 1/2 correspond to a gauge
and SUSY transformation, respectively. Finally the product of a SUSY and gauge
transformation can produce a |∆S| = 3/2 spin-transition.
5 Internal Symmetries
In this section we generalize the model in [8] so as to include the standard internal
gauge symmetries. This is effected by restricting our choice to the compact groups
SU(N).
This generalization is obtained by considering a Lie group whose algebra is given
by the tensorial product of the Clifford and U(N) algebra bases. It is important to
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note that the elements given by the tensorial product of the unity matrix of SU(N)
with the Clifford algebra basis are necessary in order to close the algebra. As a conse-
quence we have (in 4 dimensions) a Lie group containing 16×N2−1 generators, which
form the algebra (in Euclidean space) of SU(4 × N). The corresponding elements
of the extended algebra (which we call Y ) containing internal symmetries generators
can be represented in the compact form
Y ai =
{
Γ˜i ⊗ 1IT, Γ˜i ⊗Ta, 1IΓ ⊗Ta
}
, (54)
where the symbol ⊗ indicates the standard tensorial product between the matrices
Γi (of the Clifford algebra basis) and T
a (of SU(N)), 1IΓ, and 1IT are the unity
matrix of Γi and SU(N) respectively. By Γ˜i we denote any element of the reduced
Clifford algebra basis which does not contain 1IΓ. The matrices T
a satisfy the following
commutation and anticommutation rules
[Ta,Tb] = ifabcTc, {Ta,Tb} = 2CF δab1IT + dabcTc, [Ta,Γi] = 0, (55)
where the following normalizations are used Tr(TaTb) = 1/2δab and CF = 1/(2N)
for the Ta matrices in the fundamental representation. The structure function dabc
is a complete symmetric tensor with null traces dabcδab = 0.
This Y algebra was proposed a long time ago in Refs.[30],[31] in the context of
the relativistic extensions of the SU(6) model [32] for the strong interactions (the
corresponding Lie structure functions can be found in Ref.[30]). We want to stress
that, although there is a coincidence of the symmetry group, there is no analogy
between the model in [8] and the model proposed in Refs.[30],[31], and the theoretical
inconsistencies [33] which are present in the latter do not affect the theory of the
model in [8].
Now we give the generalization of the gauge transformations (7)-(10) by including
the internal symmetries generated by the group SU(4 × N). We begin with the
unitary gauge group element U(x) which is given by
U(x) = exp ı {ǫˆ⊗ 1IT + ǫa(x) (Ta ⊗ 1IΓ) + ǫ¯a(x) (Ta ⊗ γ5) + ǫaα(x) (Ta ⊗ γα)
+ ǫ¯aα(x) (T
a ⊗ iγαγ5) + ǫaαβ(x)
(
Ta ⊗ σ
αβ
√
2
)}
, (56)
where ǫˆ is given in Eq.(10). We require that U(x) transforms as U(x) in Eq.(8)
under coordinate transformations. Then, due to Eq.(3) and to the fact that the
SU(N) generators commute with the O(4) transformations [Ta, S(Λ)] = 0, only the
“greek” indices in the ǫi parameters in (56), transform like vectorial indices under
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O(4) coordinate transformations.
For the generalization of the gauge potential Aˆµ we may proceed in the same way.
We define Aˆµ to have the same coordinate and gauge transformation properties of
Aˆµ in (2) and (7) respectively. Then we decompose Aˆµ along the Y algebra basis in
(54) as follows 15
Aˆµ = Aˆµ ⊗ 1IT + Aaµ(x) (Ta ⊗ 1IΓ) + A¯aµ(x) (Taγ5 ⊗ 1IΓ) + T aµα(x) (Ta ⊗ γα)
+ T¯ aµα(x) (T
a ⊗ iγαγ5) + Caµαβ(x)
(
Ta ⊗ σ
αβ
√
2
)
, (57)
where the expression of Aˆµ is given in Eq.(4). As in the case of Aˆµ, the “greek”
indices of the component fields in (57) transform like vectorial indices under the O(4)
coordinate transformations.
The pure YM lagrangian in terms of the Aˆµ field which generalizes (12), so as to
include the local internal symmetries, has the same formal expression of (12)
LIS(x) =
1
8
Tr[FˆµνFˆ
µν ],
Fˆµν(x) = ∂µAˆν − ∂νAˆµ + ıg[Aˆµ, Aˆν ], (58)
where the commutators and trace have to be evaluated on the Y algebra. The full
expression for the lagrangian LIS in terms of the component fields in (57) as well
as the infinitesimal gauge transformations which leave invariant LIS are given in the
Appendix.
It is worth noting that, since the Y algebra contains also the anticommutators
of the SU(N) generators, the couplings between the extended Aˆµ gauge fields (4)
and the corresponding ones Aˆaµ (along the T
a basis) appear in the lagrangian (69-70)
(see Appendix). As a consequence, in the gauge lagrangian the complete symmetric
structure functions dabc of the SU(N) gauge group appears. The presence of the dabc
structure functions is one of the most interesting aspect of this generalized model,
which has no precedent (as far as we know) in any known gauge theory. Moreover it
is remarkable to note that, after rescaling in Eqs.(69-70) the kinetic term (by setting
it in the canonical form) of the pure extended gauge fields Aˆµ, the couplings between
the Aˆµ and Aˆ
a
µ gauge fields decrease as g/
√
N (in the fundamental representation) in
the large N limit.
15 To avoid confusion note that the symbols Ta and T aµν indicate the SU(N) generators and the
tensor fields along the γνT
a basis respectively.
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The coupling of the gauge field Aˆµ with fermion fields in the adjoint representa-
tion can be obtained in a way similar to the one used in section [4] by taking into
account the different commutation rules of the Y algebra. Typically the generaliza-
tion so as to include the internal symmetries in the SUSY transformations (49) is also
straightforward.
6 Bosonic Matter Fields
In this section we study the couplings of the gauge fields with the matter fields Σ
which transform as the fundamental representation of the extended U(4) gauge group.
We will see that for these kind of fields the only consistent gauge–invariant theories,
which are compatible with the spin–statistic theorem [34], are of bosonic type. In
particular, in order to build a coordinate– and U(4) gauge–invariant lagrangian, the
field Σ of lowest spin must be a non–hermitean one Σij (where i and j are spinorial
indices) which transforms, under O(4) coordinate transformations, as the adjoint of
the spinorial representation of the rotation group, namely
x→ x′µ = Λ νµ xν ,
Σij(x)→ Σ′ij(x′) = (S(Λ)Σ(x)S−1(Λ))ij, (59)
where S(Λ) is defined in Eq.(3) and the standard matrix multiplication is assumed.
Therefore the Σ field can be decomposed as follows
Σ = 1IΓϕ + γ5ϕ¯+ γµB
µ + γµγ5B¯
µ + σµνC
µν , (60)
where ϕ(ϕ¯), Bµ(B¯µ) and Cµν are complex scalar, vectorial and tensorial fields respec-
tively. Now we define its properties under local gauge transformations. In particular
we have
Σ→ ΣG = U(x)Σ, Σ† → Σ†G = Σ†U †(x), (61)
where U(x) is given in Eq.(9) and the standard multiplication between matrices is
assumed. Note that the group U(4) is defined to act on Σ and Σ† on the right and left
respectively. Finally, the most general gauge–invariant and renormalizable (by power
counting) lagrangian, which contains only the Σ field and the gauge connection Aˆµ,
is given by
LΣ = Tr
[
Σ†DµD
µΣ
]
+ Tr
[
γ5Σ
†DµD
µΣ
]
+ Tr
[
σµνΣ† [Dµ, Dν ] Σ
]
+
Tr
[
σ˜µνΣ† [Dµ, Dν ] Σ
]
+ ım1Tr
[
γµΣ†DµΣ
]
+m2Tr
[
γµγ5Σ
†DµΣ
]
+
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m23Tr
[
Σ†Σ
]
+m24Tr
[
γ5Σ
†Σ
]
+ λ1Tr
[
(Σ†Σ)2
]
+ λ2Tr
[
γ5(Σ
†Σ)2
]
+
λ3Tr
[
γ5Σ
†Σγ5Σ
†Σ
]
+ λ4Tr
[
γµΣ
†ΣγµΣ†Σ
]
+ λ5Tr
[
γµγ5Σ
†Σγµγ5Σ
†Σ
]
+
λ6Tr
[
γµΣ
†Σγµγ5Σ
†Σ
]
+ λ7Tr
[
σµνΣ
†ΣσµνΣ†Σ
]
+ λ8Tr
[
σ˜µνΣ
†ΣσµνΣ†Σ
]
λ9Tr
[
Σ†Σ
]2
+ λ10Tr
[
γ5Σ
†Σ
]2
+ λ11Tr
[
Σ†Σ
]
Tr
[
γ5Σ
†Σ
]
+
λ12Tr
[
γµΣ
†Σ
]
Tr
[
γµΣ†Σ
]
+ λ13Tr
[
γµγ5Σ
†Σ
]
Tr
[
γµγ5Σ
†Σ
]
+
λ14Tr
[
γµΣ
†Σ
]
Tr
[
γµγ5Σ
†Σ
]
+ λ15Tr
[
σµνΣ
†Σ
]
Tr
[
σµνΣ†Σ
]
+
λ16Tr
[
σ˜µνΣ
†Σ
]
Tr
[
σµνΣ†Σ
]
+ h.c., (62)
where the trace Tr is defined on the spinorial indices, σ˜µν ≡ ǫµναβσµν , and the
covariant derivative Dµ
Dijµ ≡ ∂µδij + ıgAˆijµ (63)
transforms, according to Eq.(7), as U(x)DµU
†(x). Each single term in Eq.(62) is
invariant under O(4) coordinate rotations and U(4) gauge transformations (61). The
independent coefficients mi (i=1–4) and λj (j=1–16) are mass parameters and adi-
mensional coupling constants respectively.
It is worth to note that in Eq.(62), apart from the first term and the other ones
proportional to m3, λ1, and λ9 couplings, the other gauge–invariant terms have no
counterpart (as far as we know) in any known gauge theory.16 Moreover we find that
a minimal non-trivial lagrangian can be obtained by taking in Eq.(62), for example,
just only the terms proportional to m1 and m3. In particular it is not difficult to see
that the lagrangian
LminΣ = ıT r
[
γµΣ†DµΣ
]
+mTr
[
Σ†Σ
]
+ h.c. (64)
generates non-trivial dynamics for the component fields in Σ. In particular one can
see that, on-shell, the Bµ and B¯µ fields (defined in Eq.(60)) are the dynamical ones,
while Cµν , ϕ, and ϕ¯ play the role of auxiliary fields and can be eliminated by solving
the corresponding algebraic equations.
It should by now be clear that it is not possible to couple directly the extended
gauge symmetry on the ordinary spin-1/2 fermion fields. Simply because the free
lagrangian of a standard spin-1/2 field is not invariant under global extended gauge
transformations U(4). However it is possible to couple directly the matter fields Σ
16 Note that in Eq.(62) the first term and the other ones proportional to m3, λ1, and λ9 couplings
are also invariant, in addition to the (61), under the local gauge transformations Σ→ UΣU †.
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to the ordinary gauge fields. This is now shown with an example. We assume that
the Σ are charged under an abelian U(1) interaction. Then we have to add in the
covariant derivative Dµ of Eq.(63) the U(1) gauge connection Aµ as follows
Dijµ = δ
ij∂µ + ıgAˆ
ij
µ + ıeAµδ
ij, (65)
where Aµ is the U(1) gauge field and e is the corresponding gauge coupling. We also
assume that the standard matter fields are charged under the U(1) gauge symmetry.
In order to have a reasonable decoupling between the extended gauge sector and the
ordinary matter fields, the Σ should have a mass scale much higher than ordinary
matter fields scales. In particular the decoupling between ordinary particles and the
massless gauge or gaugino sector of the extended gauge theory is generated when
the massive Σ are integrated out. Therefore, effective couplings between the sectors
of the ordinary gauge and the extended gauge fields can be generated by means
of higher dimensional operators which are suppressed by the corresponding inverse
powers of the typical mass scale of the Σ fields. This mechanism to generate couplings
between the observable sector and the light one of the extended gauge symmetry has
some analogies with the gauge-mediated mechanisms proposed in soft SUSY breaking
models [35]. We stress that this is one of the possible mechanisms to couple the
ordinary matter and gauge sector to the extended one. In particular the role of the
electromagnetic gauge vector mediation described above could be played by any other
field which is a singlet under the extended gauge transformations.
7 Spontaneous symmetry breaking
In this section we analyze the spontaneous symmetry breaking (SSB) of the extended
gauge symmetry by means of the standard Higgs mechanism.17 As usual, one has
to introduce bosonic matter fields with an ad hoc (gauge invariant) potential in or-
der to spontaneously break this symmetry. It is worth observing that the SSB of
the extended gauge symmetry can generate the spontaneous breaking of the O(4)
(coordinate) rotational one. Indeed non–zero vacuum expectation values can be gen-
erated for some vector or tensor components of the matter fields. Nevertheless, as we
will show in the following example, there exists a special SSB pattern which leaves
unbroken the O(4) rotational symmetry.
17 It is clear that the physical interpretation of the Higgs mechanism makes sense only in Minkowski
space, although this mechanism can also be analyzed in Euclidean space, but, of course, with a
different meaning.
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At this purpose we introduce one real matter field Φ in the adjoint representation
of the extended SU(4) gauge group, like the fields Hˆ and Wˆ which appear in Eqs.(50)
in the N=2 SUSY model. Its expression in components is given by
Φ = φ¯γ5 + φµγ
µ + φ¯µγ
µγ5 + φµν
σµν√
2
(66)
where Φ† = Φ, and it has the same transformations rules of Hˆ in Eqs.(51). We now
add to its kinetic term the SU(4) gauge invariant potential V (x). The expression for
its gauge invariant lagrangian LΦ is given by
LΦ =
1
4
Tr
[(
DˆµΦ
)2]− V (x) , V (x) = λ
{
1
4
Tr
(
Φ2
)
− µ
2
λ
}2
(67)
where λ > 0 and µ2 > 0 are the self-interacting coupling constant and a mass term
respectively. The solution for the minimum of V (x) is given by 〈Tr (Φ2)〉 = µ2/λ, or
in component fields
〈φ¯2 + φαφα + φ¯αφ¯α + φαβφαβ〉 = µ
2
λ
(68)
Unlike the case of matter fields in the fundamental representation, there exist several
solutions of Eq.(68) which correspond to non–equivalent SSB patterns [36]. However,
we are interested in the special ones which leave the O(4) rotational group unbroken.
Clearly, due to the presence of the O(4) scalar φ¯ in the multiplet (66), the only solution
which satisfies this requirement is given by: 〈φ¯〉 =
√
µ2/λ, with 〈φ¯α〉 = 〈φ¯α〉 =
〈φ¯αβ〉 = 0. In particular the SU(4) gauge group is broken, while the O(4) rotational
symmetry remains exact.18 This solution can be easily understood by using the
standard techniques [36]. Since Φ is a traceless 4×4 hermitean matrix, one can always
make an SU(4) gauge transformation in order to diagonalize Φ, while preserving the
minimum condition (68). There are several non–equivalent SSB patterns associated
with the three independent real eigenvalues of the diagonal matrix Diag(Φ). In
particular, the solution which leaves unbroken the O(4) rotational group, corresponds
to the SSB pattern 〈Φ〉 ∝ Diag(1, 1,−1,−1), which is proportional to the γ5 matrix
in the so-called chiral basis.
18 It is worth noting that in smaller extended gauge theories, in particular the ones with SO(5)
and SO(4) gauge groups (whose generators are given by {γµ, σµν} and σµν respectively), there are
no SSB patterns in the adjoint representation which would preserve the O(4) rotational symmetry.
This is connected to the fact that for these smaller groups there are no O(4) scalars in the matter
fields in adjoint representations.
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After shifting the scalar field φ¯ around its minimum, φ¯ = 〈φ¯〉+ η¯, the spectrum of
the theory is manifest. The gauge fields in Eq.(12) which remain massless are the A¯µ
and Cµαβ ones, since the corresponding generators (respectively γ5 and σµν) commute
with γ5, being γ5 the generator associated to 〈φ¯〉. Therefore, the SU(4) gauge group is
broken to the exact one SO(4)×U(1). On the contrary, due to the Higgs mechanism,
the tensor fields Tµν and T µν acquire a mass term, since the corresponding generators
(respectively γµ and γµγ5) do not commute with γ5. Note that this result is in
agreement with the SSB patterns of SU(N), see Ref.[36] for further details. Indeed,
by means of matter fields in the adjoint representation, SU(4) can be broken to
SU(2)× SU(2)× U(1), which is isomorphic to SO(4)× U(1) [36].
It is straightforward to generalize the above results to Minkowski space. By using
in this space the same form of the potential (67), the largest extended gauge group
(which is SU(2, 2) [8]) can be broken to the non–compact one SO(3, 1)×U(1), while
the Lorentz invariance remains exact.
8 Conclusions
In this article we analyzed the free particle spectrum of the extended YM gauge
theories in Euclidean space. We found that the physical degrees of freedom contained
in the pure gauge sector of the SU(4) group correspond to the spin contents of the
following massless fields: 3 spin-2, 8 spin-1 and 8 spin-0. Some of the spin-1 and
spin-0 fields correspond to the longitudinal polarizations of the tensor fields which
cannot be gauged out. Moreover we analyzed some quantum aspects by providing
the functional quantization in Euclidean space for a general class of covariant gauges.
We presented the results for the N = 1 and N = 2 supersymmetric extensions
of the action in Ref.[8]. Moreover we found that the maximum semi-integer spin of
the supersymmetric extensions is 3/2 (in four dimension) and these Rarita-Schwinger
fields could be regarded as the supersymmetric partners of the spin-2 fields present
in the pure gauge theory.
The generalization so as to include the standard internal symmetries introduces a
larger unified group. In this model the corresponding algebra of this group is given
by the tensorial product of the Clifford and the internal symmetry algebra. We give
the expression of the extended YM lagrangian generalized so as to include an SU(N)
internal group. An interesting consequence of this unified algebra is that, in addition
to the antisymmetric structure functions fabc of the internal SU(N) group, also the
complete symmetric ones dabc appear in the lagrangian (69-70).
We analyzed the matter fields which transform as the fundamental representation
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of the extended gauge symmetry group. In this case we found that these fields can
only be of bosonic type. Moreover it is important to stress that new kind of gauge–
invariant and renormalizable couplings can be generated by means of these matter
fields (see Eq.(62)), couplings which have no counterpart in any known gauge theory.
Finally we analyzed the SSB of the extended gauge symmetry. In particular we show
that there exists a special SSB pattern where the extended SU(4) gauge symmetry
can be broken to SO(4)× U(1), while leaving exact the O(4) rotational invariance.
We conclude the present section by commenting on the possible future develop-
ments of this study. It would be worth investigating the analytical continuation of this
model in Minkowski space by analysing the unitarity of the S matrix in perturbation
theory. The understanding of this issue could be helpful in clarifying the relation be-
tween unitarity and renormalizability in the higher spin interactions. Moreover, other
interesting aspects of this model, which we believe are worth investigating, are the
instanton solutions, and the possible embedding of this theory in a string framework.
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Appendix
In this appendix we give the expression of the lagrangian LIS in (58) in terms of
the components of the gauge potential (57) along the Y algebra basis. By using the
commutation rules of the Y algebra we obtain the following result for LIS 19
LIS =
1
4
{
FaµνF
a
µν + F¯
a
µνF¯
aµν + FaµναF
aµνα + F¯aµναF¯
aµνα + FaµναβF
aµναβ
}
+
1
4CF
{
F¯µνF¯
µν + FµναF
µνα + F¯µναF¯
µνα + FµναβF
µναβ
}
, (69)
where CF is defined in (55) and the sum over the repeated indices is assumed. The
expressions of the fields strength Fa
i
are given by
Faµν = ∂µA
a
ν − ∂νAaµ − gfabc
[
AbµA
c
ν + A¯
b
µA¯
c
ν + T
b
µαT
cα
ν
+ T
b
µαT
cα
ν + C
b
µαβC
cαβ
ν
]
,
F¯µν = F¯µν − g2CF
[
T aµαT
aα
ν − (µ↔ ν)
]
,
F¯aµν = ∂µA¯
a
ν − ∂νA¯aµ − g
{
fabc
[
A¯bµA
c
ν −
1
4
C¯bµαβC
cαβ
ν
]
+ dabc
(
T bµαT
cα
ν
)
+ 2
[
T aµαT
α
ν − T aµαT αν
]
− (µ↔ ν)
}
,
Fµνα = Fµνα + g2CF
[
A¯aµT
a
να −
√
2T aβµ C
a
νβα − (µ↔ ν)
]
,
Faµνα = ∂µT
a
να − ∂νT aµα − g
{
fabc
[
T bµαA
c
ν −
1√
2
T
bβ
µ C
c
ναβ
]
+ dabc
[
T
b
µαA¯
c
ν −
√
2T bβµ C
c
ναβ
]
+ 2
[
T µαA¯
a
ν + T
a
µαA¯ν
−
√
2
(
CναβT
aβ
µ + C
a
ναβT
β
µ
)]
− (µ↔ ν)
}
,
F¯µνα = F¯µνα − g2CF
[
A¯aµT
a
να +
√
2T
aβ
µ C
a
νβα − (µ↔ ν)
]
,
F¯aµνα = ∂µT
a
να − ∂νT aµα − g
{
fabc
[
T
b
µαA
c
ν +
1√
2
T bβµ C¯
c
ναβ
]
+ dabc
[
T bναA¯
c
µ −
√
2T
bβ
µ C
c
ναβ
]
+ 2
[
TναA¯
a
µ − T aµαA¯ν
−
√
2
(
CναβT
aβ
µ − CaµαβT βν
)]
− (µ↔ ν)
}
,
Fµναβ = Fµναβ + g
√
2CF
(
T aµαT
a
νβ + T
a
µαT
a
νβ − 2CaµγαCa γνβ − (µ↔ ν)
)
,
19This result, together with some other results in the paper, have been obtained by means of the
algebraic manipulation program Form [37].
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Faµναβ = ∂µC
a
ναβ − ∂νCaµαβ + g
{
fabc
[
1
2
A¯bµC¯
c
ναβ +
1√
2
T bµγT
c
νδǫ
γδ
αβ + C
b
µβαA
c
ν
− (µ↔ ν)] + dabc 1√
2
[
T bµαT
c
νβ + T
b
µαT
c
νβ − 2CbµγαCc γνβ − (α↔ β)
]
+
√
2
[(
T aµαTνβ + T
a
µαT νβ − 2CaµγαC γνβ − (µ↔ ν)
)
− (α↔ β)
]}
, (70)
where the expressions for F¯µν , Fµνα, F¯µνα, and Fµναβ are given in (45) and C¯µαβ ≡
ǫαβγδC
γδ
µ , C¯
a
µαβ ≡ ǫαβγδCaγδµ . The lagrangian LIS is invariant under the following
infinitesimal gauge transformations
δAaµ = −
1
g
∂µǫ
a + fabc
[
A¯bµ ǫ¯
c + Abµǫ
c + T bµαǫ
cα + T
b
µαǫ¯
cα + Cbµαβǫ
cαβ
]
,
δA¯µ = δA¯µ − 2CF
[
−T aµαǫ¯aα + T aµαǫaα
]
,
δA¯aµ = −
1
g
∂µǫ
a −
{
fabc
[
−A¯bµǫc − Abµ ǫ¯c + C¯bµαβǫcαβ
]
+ dabc
[
−T bµαǫ¯cα + T bµαǫcα
]
+ 2
[
−T aµαǫ¯α + T aµαǫα − Tµαǫ¯aα + T µαǫaα
]}
,
δTµα = δTµα − 2CF
[
A¯aµǫ¯
a
α − T aµαǫ¯a +
√
2
(
T aµβǫ
aβ
α + C
a
µγαǫ
aγ
)]
,
δTaµα = −
1
g
∂µǫ
a
α −
{
fabc
[
−T bµαǫc − Abµǫcα +
1√
2
(
C¯bµαδ ǫ¯
cδ + T bµδ ǫ¯
cδ
α
)]
+ dabc
[
A¯bµ ǫ¯
c
α − T bµαǫ¯c +
√
2
(
T bµδǫ
cδ
α + C
b
µδαǫ
cδ
)]
+ 2
[
A¯aµǫ¯α + A¯µǫ¯
a
α − T aµαǫ¯− T µαǫ¯a
+
√
2
(
T aµδǫ
δ
α + Tµδǫ
aδ
α + C
a
µδαǫ
δ + Cµδαǫ
aδ
)]}
,
δTµα = δT µα − 2CF
[
−A¯aµǫaα + T aµαǫ¯a +
√
2
(
T
a
µβǫ
aβ
α + C
a
µγαǫ¯
aγ
)]
,
δT
a
µα = −
1
g
∂µǫ¯
a
α −
{
fabc
[
−T bµαǫc −Abµ ǫ¯cα −
1√
2
(
C¯bµαδǫ
cδ + T bµδ ǫ¯
cδ
α
)]
+ dabc
[
−A¯bµǫcα + T bµαǫ¯c +
√
2
(
T
b
µδǫ
cδ
α + C
b
µδαǫ¯
cδ
)]
+ 2
[
−A¯aµǫα − A¯µǫaα + T aµαǫ¯+ Tµαǫ¯a
+
√
2
(
T
a
µδǫ
δ
α + T µδǫ
aδ
α + C
a
µδαǫ¯
δ + Cµδαǫ¯
aδ
)]}
,
δCµαβ = δCµαβ − 2CF
{
1√
2
(
T aµαǫ
a
β + T
a
µαǫ¯
a
β
)
−
√
2Caµδαǫ
aδ
β − (α↔ β)
}
,
δCaµαβ = −
1
g
∂µǫ
a
αβ −
{
fabc
[
Cbµβαǫ
c +
1
2
(
−C¯bµβαǫ¯c + A¯bµ ǫ¯cαβ
)
− Abµǫcαβ
36
+
1√
2
(
T bµδ ǫ¯
c
γ − T bµδǫcγ
)
ǫ δγαβ
]
+ dabc
[
1√
2
(
T bµαǫ
c
β + T
b
µαǫ¯
c
β
)
+
√
2Cbµαδǫ
cδ
β − (α↔ β)
]
+
√
2
[
T aµαǫβ + T
a
µαǫ¯β + Tµαǫ
a
β + T µαǫ¯
a
β + 2
(
Caµαδǫ
δ
β + Cµαδǫ
aδ
β
)
− (α↔ β)]} , (71)
where the expressions for δA¯µ, δTµν , δT µν , and δCµαβ are given in (16), and ǫ¯αβ ≡
ǫαβγδǫ
γδ, ǫ¯aαβ ≡ ǫαβγδǫaγδ. (To avoid confusion we recall that ǫαβγδ is the complete
antisymmetric tensor in Euclidean space.) In the lagrangian (69) (and therefore in
the Feynman rules) the contractions of the type dabcf cef , which cannot be reduced
as the product of combinations of δab, dabc, and fabc for a general SU(N) group
[38], appear. (Note that simplifications can be obtained by choosing some particular
internal groups). Clearly the physical amplitudes and correlation functions can be
expressed as products of δab. Useful results and techniques are provided in Refs.[39]
for the calculations of the traces of the Ta matrix products.
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